We consider the angular power spectrum in a finite universe with different boundary conditions and perform a fit to the CMB, LSS and supernova data. A finite universe could be the consequence of a holographic constraint, giving rise to an effective IR cutoff at the future event horizon. In such a model there is a cosmic duality relating the dark energy equation of state and the power spectrum, which shows a suppression and oscillatory behaviour that is found to describe the low l features extremely well. However, much of the discussion here will also apply if we actually live inside an expanding bubble that describes our universe. The best fit to the CMB and LSS data turns out to be better than in the standard ΛCDM model, but when combined with the supernova data, the holographic model becomes disfavored. We speculate on the possible implications.
Introduction
The spatial geometry of the universe is known to be flat with Ω = 1.02 ± 0.02 [1] so that even if the geometry is closed, one would argue that its radius should be much larger than the present Hubble scale. However, it is still possible that the universe is relatively small and finite. The simplest example is provided by a geometry which is not simply connected, such as a torus. In such a case the universe is effectively a box with periodic boundary conditions, resulting in suppression of power at large angular distances as well as in multiple images of the same sources in different directions. The present CMB data constrains the fundamental domain to be larger than 1.2 to 1.7 times the distance to the decoupling surface, depending on model assumptions [2] .
A more subtle and potentially more far-reaching possibility is related to holography [3] . The holographic principle emerged first in the context of black holes, where it was noted that a local quantum field theory can not fully describe black holes while preserving unitarity; for a sufficiently large volume the entropy of an effective field theory will violate the Bekenstein bound [4] . This indicates that a local field theory overcounts the true dynamical degrees of freedom of a gravitating system. Therefore, an effective field theory which correctly accounts for the coarse grained interactions of the true dynamical degrees (e.g. strings), should be subject to global constraints that remove the overcounting. This should hold true also for a field theoretical description of the universe as a whole.
The issue then is, how would the holographic constraints manifest themselves in cosmology? At present no rigorous answer exists, but there are several phenomenological ideas [5] . For instance, it has been suggested that the effective field theory should exclude those degrees of freedom that will never be observed, giving rise to an IR cutoffL at the future event horizon [6, [8] [9] [10] [11] . In a universe dominated by dark energy, the size of the future event horizon will tend to a constant which, given the WMAP results on dark energy, is of the order of H −1 0 , the present Hubble radius. Therefore, the consequences of such a cutoff could well be visible at the largest observable scales and in particular in the low CMB multipoles, where instead of continuous wave numbers one should deal with discrete ones even though, strictly speaking, the universe need not be finite.
The appearance of an IR cutoff may not be the only consequence of holography. An effective field theory that can saturate the Bekenstein bound will in general include states with a Schwarzschild radius much larger than the size of the cutoff volume. It seems reasonable that one should require [12, 13] that the energy in a given volume should not to exceed the energy of a black hole, which results in a constraint on the size of the zero point fluctuation, i.e. an effective UV cutoff. In that case the observations should reveal a correlation between dark energy and the power spectrum [11] .
The universe constrained by holography is finite only in an effective, field theoretical sense. Therefore it is not obvious what sort of boundary conditions one should impose. In fact, periodic boundary conditions would appear to be the least natural. Instead, one could consider Dirichlet boundary conditions with quantum fields vanishing at the cutoff scale, or Neumann boundary conditions with vanishing derivatives ensuring that no currents flow beyond the cutoff. This bears some resembles to the "brick wall" model [14] or the "stretched horizon" model [15] of black holes, where one imposes a boundary condition for the fields on a plane close to the horizon. Also in the case where we actually live inside an expanding bubble, these choices of boundary conditions appear more natural. The choice of the boundary condition is important because it determines the way the wave numbers are discretized, which in turn makes a difference when fitting the actual data. Note also that many of the signatures of a finite universe considered in the literature, such as circles-in-the-sky, are specific to periodic boundary conditions.
No matter what the boundary conditions, the observable consequences of a holographic constraint would be likely to show up at the largest observable scales. Intriguingly enough, there are a number of features in the large angle CMB power spectrum, the most notorious being the suppression of the quadrupole and the octupole [1] . In addition, there are some hints of an oscillatory behaviour of the power spectrum at low l [16] . There has been attempts to explain these glitches by trans-Planckian physics [17, 18] and by models of multiple inflation [19] . While the suppressed quadrupole and octupoles can be explained by such models with modified primordial power spectra, the temperature-polarization power spectrum measured by WMAP is higher than expected and in general the fit to data cannot be significantly improved by modifying the primordial power spectrum [20] . The features seen at higher l are even more difficult to fit by modifying the underlying power spectrum because they are very localized in l-space. It is therefore an interesting question whether the low l features could actually tell us something about holography.
The purpose of the present paper is to consider a discrete power spectrum with different boundary conditions and make a fit to the CMB, the large scale structure (LSS) and supernova (SN) data. We pay a particular attention to the features in the power spectrum at low l. These considerations do not as such require holography but simply test the possible varieties of discreteness of the data as dictated by different boundary conditions. To relate this to the holographic ideas, we focus on a simple toy model [11] that links the equation of state of the dark energy to the features at low multipoles in the CMB power spectrum through an IR/UV cosmic duality.
The paper is organized as follows. In Sect. II we discuss the various boundary conditions and the procedure of discretization of the power spectrum. We deal primarily with Dirichlet and Neumann boundary conditions. In Sect. III we present the results of fits to the data, keeping the dark equation of state and the IR cutoff independent. In this way the results apply more generally, also to the case where we actually live inside a slowly expanding bubble. As an application to holography, in Sect. IV we consider a toy model of cosmic IR/UV duality [11] which predicts the equation of state for dark energy as a function of IR cutoff [7, 8] . Sect. V contains a discussion of the results.
Boundary Conditions
Let us start by assuming that the field theory contains an IR cutoffL, which we wish to translate into a cutoff at physical wavelengths. We will assume an isotropic universe so that the system is spherically symmetric. As a consequence of the IR cutoff the momenta k will be discrete, but the allowed wave numbers will depend on the boundary conditions. However, if the discretization is due to a holographic constraint, there is no obvious way to choose one particular boundary condition over another. In the holographic case the cutoffL is only effective: we do not live in any actual physical cavity and space can well be infinite, even if the effects are very similar to the effects of living inside a bubble. Rather, the nature of the boundary condition would be a manifestation of the holographic constraint itself and hence at the present phenomenological level undetermined. Therefore it makes sense to consider several likely possibilities.
Let us therefore consider quantization in a spherical potential well with infinitely high potential walls. The radial solutions for the wave functions are spherical Bessel functions with the ground state j 0 ∝ sin(kr)/kr with r < r B , where r B is the radius of the spherical potential and is related to the IR cutoff. Imposing different boundary conditions on these solutions result in differences than can have observable consequences.
Periodic boundary conditions have been extensively discussed in the literature in the context of non-simply connected spaces. In general they lead to geometric patterns in the sky that are highly constrained by data [2] . For Cauchy boundary conditions, we would need to make model dependent assumptions about physics beyond the IR cutof L, such as that the fields are exponentially suppressed for r >L. Therefore we prefer to focus on the unambiguous cases of the Dirichlet and Neumann boundary conditions.
Dirichlet
Requiring that the solution vanishes at r = r B one finds that the wavelength of the ground state is λ c = 2r B . Thus the IR cutoffL corresponds to a physical cutoff given by λ c = 2L.
For x ≫ 1 we may write the Bessel function as j l (x) = 1
x sin x − lπ 2 . Thus the allowed wavenumbers, k nl , are determined by
which implies k nl r B = lπ 2 + 2πn for n, l ∈ N , or
We emphasize that for each choice of the angular variable l, there is a different discrete set of the allowed momenta k.
Neumann
In this case we require the derivative of the allowed solutions vanish on the wall of the effective cavity defined by the IR cutoff so that there is no current flow out of the observable universe. The radial dependent part of the solutions is given by the spherical Bessel functions, so it amounts to requiring that the derivative of the spherical Bessel function vanishes on the wall of the bubble. Using the recurrence formulae for Bessel functions, one finds
so that the allowed momenta are defined by the condition
for all l, n ∈ N .
Discretization of the power spectrum

Preliminaries
In our case the discretization of the power spectrum differs from the more usual case of toroidal universes. Let us therefore repeat some of the basic steps involved in the discretization procedure. We need to determine what is the proper relation between the discrete power spectrum and the usual continuous one. In a finite volume we can always expand a wave function ψ(x) in terms of a complete set of orthonormal solutions to the equation of motion u k (x) so that ψ(x) = n ψ n u kn (x) with |u kn (x)| 2 dx = 1 and ψ n = ψ(x)u * kn (x)dx . The probability of finding the state ψ with momentum k n is then given by
The continuous limit is taken by letting the volume to go to infinity. The probability of finding the state ψ with momentum in the interval between k and k + dk is then given by P (k)dk = |ψ(k)| 2 dk and
where dN/dk is the density of states. By renormalizing u kn (x) we may write
Hence the continuous limit is reached by the replacement
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In a spherically symmetric cavity, it is convenient to write the orthonormal solutions in the form
where A 2 n is the density of states, N l is an l-dependent normalization factor; r = | x| and Ω x = (θ, φ) is the angular direction of the coordinate x. The normalization is chosen such that
According to the previous subsection, the continuous limit is taken by letting
Using the convention
and the normalization factor becomes N l (k) = 2k. The expansion in terms of the eigenmode functions now reads
where u nlm ( x) is a solution to the equation of motion under the given boundary condition and the set k n is determined by the boundary condition.
As an example, consider the Dirichlet boundary condition which yields the constraint
It is clear that the allowed k n 's depend on l through the condition j l (k n r B ) = 0. Thus, instead of Eq. (14) we should write
where k nl is now the physical momentum depending on both n and l. Note that in principle the amplitude A can also depend on l. From Eq. (2) we find
Thus, very conveniently, for the Dirichlet boundary condition A is actually independent of l and n in the large argument limit.
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The discrete power spectrum
The power spectrum is defined as the power per log k interval of the variance σ 2 g , given by
Using the relation
in the continuum limit one finds that
) and using N l (k) = 2k, we obtain the correct continuum expressions
with
The Sachs-Wolfe effect
The usual multipole expansion of the temperature anisotropies reads
and the angular power spectrum is given by
In a matter dominated universe, the Sachs-Wolfe effect δT /T = −1/5R, implies
Using
and the definition
we obtain by a straightforward standard calculation the discrete version of the angular power spectrum as
Inserting N 2 l = 4k 2 one obtains the usual continuum result ¶ C l = 4π 25 1 2π 2 dk k j 2 l (kr)P R (k) . with A 2 nl = 1 2π dk/dn. Note that the set of the allowed momenta k in the discrete version of the Sachs-Wolfe effect depends on l.
A toy model with IR/UV cosmic duality
In this section we outline the toy model of a cosmic CMB/dark energy duality put forward in [11] . In a universe dominated by dark energy in the asymptotic future we actually live inside a finite box, the so-called "causal diamond" of the static de Sitter coordinates, which is bounded by the past and future event horizons [6] . In cosmic coordinates the finiteness could manifest itself as an effective IR regulator of the same order of magnitude as the future event horizon, which in a pure de Sitter space determines also the magnitude of the effective cosmological constant. If an IR/UV duality is at work in the theory at some fundamental level, the IR regulator might in some (complicated) way relate the dark energy and the IR cutoff of the CMB perturbation modes. The model of [11] , that we explore here, might be considered as a simple toy model for such a connection
Let us now assume that the size of the IR cutoff is related to the the future event horizon R H = a ∞ t dt/a, i.e. the effective size of the universe is the one that we can ever hope to observe [6, [8] [9] [10] [11] . In other words, a local field theory should describe only the degrees of freedom that can ever be observed by a given observer. In a universe dominated by dark energy R H is of the order of the present Hubble radius H −1 0 but the actual value depends on the equation of state of dark energy. We write the IR cutoffL as
where c ∼ O(1) is a free parameter that will be related to dark energy. The connection comes about by requiring that he total energy in a region of spatial sizeL should not exceed the mass of a black hole of the same size, or 4π 3L 3 ρ Λ ≤ 4πLM 2 P , where Λ is the UV cutoff. The largest IR cutoffL is obtained by saturating the inequality so that we write
¶ Here the Fourier expansion normalization is chosen to be 1/(2π) 3 ; the (2π) 3/2 normalization would change the power spectrum by a factor of (2π) 3 . We adopt a flat universe with Ω = 1. Then from the Friedman equation and Eq. (29) it follows that
which implies that today the value of the future event horizon would be
where the superscripts refer to the present values.
In flat space the multipole l is given by l = k l (η 0 − η * ) where η 0 − η * is the comoving distance to the last-scattering surface and k l is the corresponding comoving wave number. The comoving distance to last scattering is given by
and if the dominant energy components are dark energy and matter, then
where w is given by the equation of state of dark energy p Λ = wρ Λ . Here w is not a free parameter but is related to the constant c through [8] 
This equation also holds at the present so that
Thus, the distance to last scattering is a function of w which can be found by fixing the free parameter c. SinceL does not depend on c, one finds with Dirichlet boundary condition [11] 
where k c defines the smallest allowed wave number. But because the distance to last scattering depends on w, the relative position of the cutoff in the CMB spectrum depends on w.
Testing this model means fitting simultaneously the power spectrum and w, using different boundary conditions. This yields the value of c, which is the only free parameter here: the shape of the power spectrum is fixed once c (and the boundary condition) is fixed. Note that because the space is effectively finite, there will be oscillations at low l in the power spectrum. These oscillations are however not freely adjustable but depend on the equation of state of dark energy, making the holographic toy model highly constrained and predictive.
However, given that we do not know exactly how the boundary condition should be imposed, we allow for more freedom in our fits to data. Instead of fixing the infrared cut-off at k c ≡ λ c /(2π) = 1.2/π × H −1 0 we take it to be a free parameter k cut . As it turns out the best fit is at k cut ∼ 0.5 − 0.6k c , and given our ignorance of how to impose the boundary condition this is an approximation at the same level as choosing different types of boundaries (Neumann, Dirichlet, etc.). This leaves us with two parameters for any given model (in addition to the choice of boundary condition): c and k cut . In the following section we present a likelihood analysis of the model using CMB, LSS, and SNI-a data.
Data analysis
The procedure
In order to test the discrete models against data we employ the following procedure: First a boundary condition (Dirichlet or Neumann in our case) is chosen. Next we calculate χ 2 for each set of c and k cut , while marginalizing over all other cosmological parameters. As our framework we choose the minimum standard model with 6 parameters: Ω m , the matter density, Ω b , the baryon density, H 0 , the Hubble parameter, and τ , the optical depth to reionization. The normalization of both CMB and LSS spectra are taken to be free and unrelated parameters. The priors we use are given in Table 5 .1. Likelihoods are calculated from χ 2 so that for 1 parameter estimates, 68% confidence regions are determined by ∆χ 2 = χ 2 − χ 2 0 = 1, and 95% region by ∆χ 2 = 4. χ 2 0 is χ 2 for the best fit model found. In 2-dimensional plots the 68% and 95% regions are formally defined by ∆χ 2 = 2.30 and 6.17 respectively. Note that this means that the 68% and 95% contours are not necessarily equivalent to the same confidence level for single parameter estimates.
Description of the data sets • Supernova luminosity distances
We perform our likelihood analysis using the "gold" dataset compiled and described in Riess et al [34] consisting of 157 SNIae using a modified version of the SNOC package [35] .
At present there are two large galaxy surveys of comparable size, the Sloan Digital Sky Survey (SDSS) [28, 29] and the 2dFGRS (2 degree Field Galaxy Redshift Survey) [27] . Once the SDSS is completed in 2005 it will be significantly larger and more accurate than the 2dFGRS. In the present analysis we use data from SDSS, but the results would be almost identical had we used 2dF data instead. In the data analysis we use only data points on scales larger than k = 0.15h/Mpc in order to avoid problems with non-linearity.
• Cosmic Microwave Background. The CMB temperature fluctuations are conveniently described in terms of the spherical harmonics power spectrum
Since Thomson scattering polarizes light, there are also power spectra coming from the polarization. The polarization can be divided into a curlfree (E) and a curl (B) component, yielding four independent power spectra:
, and the T -E cross-correlation C T E l . The WMAP experiment has reported data only on C T T l and C T E l as described in Refs. [25, 26, [30] [31] [32] . We have performed our likelihood analysis using the prescription given by the WMAP collaboration [26, [30] [31] [32] which includes the correlation between different C l 's. Foreground contamination has already been subtracted from their published data.
Results
First, we perform the likelihood analysis separately for the CMB+LSS data and the SNIa data. In Fig. 1 we show the likelihood in c, k cut space for the Dirichlet boundary condition. The best fit model + has χ 2 = 1444.8 as opposed to the best fit ΛCDM model which has χ 2 = 1447.5.
In Fig. 2 we show the same analysis, but for the Neumann boundary condition. Here, the best fit is χ 2 = 1441.4, somewhat better than for the previous case.
In Fig. 3 we show CMB temperature power spectra for the two best fit models. Interestingly, the curve with Neumann boundary conditions is able to fit the small l spectrum oscillations almost perfectly, including the l ∼ 20 feature. However, the l ∼ 40 feature is not reproduced. In both cases the power spectrum suppression at small l is reproduced nicely because of the large scale cut-off in the spectrum. Fig. 4 show the same analysis performed for the SNIa data. In this case there is no dependency on the cut-off scale, only on c, because that parameter modifies the dark energy behaviour. The best fit is at χ 2 = 177.1 which is almost identical to that of the best fit ΛCDM model.
However, as can be seen, the best fits of CMB+LSS and SNIA are incompatible. This is illustrated in Fig. 5 which shows a combined CMB+LSS+SNIa fit for the Dirichlet boundary condition. Here, the best fit is at χ 2 = 1636.8, as opposed to the best fit ΛCDM model which has χ 2 = 1626.4. The fundamental reason for the discrepancy is just the well-known degeneracy between the matter density and the dark + Note that in the holographic toy model, the number of degrees of freedom is the same as in the ΛCDM model since k cut and w are both determined by c. energy equation of state, w. If only CMB and LSS data is considered, then having w > −1 generally requires a higher matter density, whereas for SNIa data the reverse is true. This means that the combination in general rules out any model with a w which is too high. For a constant w the present bound is w ≤ −0.79 at 95% C.L. [21] . 
Discussion
It is intriguing that with the holographic toy model of Sect. 4 the power spectrum and in particular the low l features are automatically fitted almost perfectly, as can be gathered from Fig. 3 . The CMB and LSS data, on its own, would indeed be consistent with an IR/UV cosmic duality with an IR cutoff. However, from the analysis that combined CMB and LSS with the supernova data the conclusion clearly seems to be that in its present form the toy model of cosmic duality is strongly disfavored.
In fact, it would have been a great surprise if such a simple toy model would have worked perfectly as the actual holographic constraint is expected to be rather complicated. It is even conceivable that it manifests itself in different ways at different length scales. From a holographic point of view, supernova luminosity effects represent ordinary local physics and therefore have a different status from dark energy measured by CMB, which is a more global concept. It is also possible that the apparent decrease in the distant supernova luminosities is not due to accelerated expansion but to some other physical process. An example would be the recently suggested axion-photon mixing [36] .
That said, one should note that if we use, for the cutoff on the large scale CMB anisotropies, the future event horizon at last scattering [11] , then with c = 2 and Ω 0 Λ = 0.7 corresponding to w 0 = −0.61, the toy model with CMB/dark energy duality implies k cut /k present = 0.6. Curiously that is in the maximum likelihood region with Neumann boundary conditions (see Fig. 2) . The present holographic model presents one possibility of how new physics might effect present day cosmology; some others have been discussed in light of observational data in [18] . Although no firm conclusions can be drawn at this stage, it is nevertheless encouraging that data is good enough for testing these ideas. Signals for a discrete power spectrum and a holographic connection between the ultraviolet and the infrared remain interesting possibilities linked to fundamental physics that are worth searching for also in the forthcoming cosmological data.
